In this paper, we give an explicit expression for a certain family of ternary cyclotomic polynomials: specifically Φp 1 p 2 p 3 , where p1 < p2 < p3 are odd primes such that p2 ≡ 1 mod p1 and p3 ≡ 1 mod p1p2. As an application of the explicit expression, we give an exact formula for the number of nonzero terms in the polynomials in the family, which in turn immediately shows that the density (number of non-zeros terms / degree) is roughly inversely proportional to p2, when p1 is sufficiently large.
Introduction
The n-th cyclotomic polynomial Φ n is defined as the monic polynomial in Z[x] whose complex roots are the primitive n-th roots of unity. The cyclotomic polynomials play fundamental roles in number theory and algebra, with many applications (for instance in cryptography [1, 2, 3, 4] ). Thus they have been extensively investigated, for instance [5, 6, 7, 8, 9, 10, 11, 12] on the size of coefficients, [13, 14] on the number of nonzero terms, [15, 16, 17, 18, 19] on the maximum size of gaps in exponents, [20, 21] on efficiently computing coefficients, and so on.
In this paper, we consider the following problem: find an explicit expression for Φ n . By an explicit expression, we mean a polynomial expression that lists all the terms explicitly. As usual, the problem can be trivially reduced to the case when n is a product of distinct odd primes. Thus let us assume, without losing generality, that n is a product of distinct odd primes, say n = p 1 · · · p ℓ , where p 1 < p 2 < · · · < p ℓ . When ℓ = 1, it is trivial to derive the following explicit expression Φ p1 = 1 + x + · · · + x p1−1 (1) When ℓ = 2, the following expression is hinted or given in [13, 22, 23, 24, 25, 26] using various different notations Φ p1p2 = 0≤i<s1 0≤j<s2
where s 1 = p −1 1 mod p 2 and s 2 = p −1 2 mod p 1 . The terms in the above expression do not overlap (no cancellation or accumulation). When ℓ ≥ 3, as far as we are aware, there are no general explicit expressions yet.
The main contribution of this paper is to provide an explicit expression (Theorem 1) for a certain family of ternary (ℓ = 3) cyclotomic polynomials: specifically Φ p1p2p3 where p 2 ≡ 1 mod p 1 and p 3 ≡ 1 mod p 1 p 2
This family is an interesting one, in that it is flat [27, 28, 29] , which means all the coefficients are either −1, 0 or 1, just like the above two cases ℓ = 1 and ℓ = 2. The provided expression does not have overlapping terms, just like the above two expressions (1) and (2) for the two cases ℓ = 1 and ℓ = 2. Furthermore, the provided expression is ordered, in that the terms are ordered in the ascending order in their exponents, just like the expression (1) for the case ℓ = 1, but unlike the expression (2) for the case ℓ = 2.
Explicit expressions can be useful in extracting various properties of cyclotomic polynomials, such as coefficients sizes, maximum size of gaps in exponents (if the expression is also ordered), number of non-zero terms, etc. In order to illustrate the usefulness, consider the problem of finding an exact formula for non-zero terms (hamming weight hw). When ℓ = 1, it is immediate from the explicit expression (1) that hw(Φ p1 ) = p 1 When ℓ = 2, it is also immediate from the explicit expression (2) that hw(Φ p1p2 ) = 2 s 1 s 2 − 1 (see Carlitz [13] for the first but a bit complicated formula). When ℓ ≥ 3, as far as we are aware, there are no general exact formula yet.
In this paper, we derive an exact formula (Corollary 2) for hw(Φ p1p2p3 ) for the family of the cyclotomic polynomials satisfying (3), by crucially exploiting the explicit expression. The exact formula in turn immediately shows that the density (number of non-zeros terms / degree) is roughly inversely proportional to p 2 , when p 1 is sufficiently large (Corollary 3).
The paper is structured as follows. In Section 2, we precisely state the main result and its corollaries. In Section 3, we prove the main result.
Main Results
In this section, we will give a precise statement of the main result (Theorem 1) and illustrate its usefulness by a couple of applications (Corollaries 2 and 3).
Theorem 1 (Explicit expression). Let p 2 ≡ 1 mod p 1 and p 3 ≡ 1 mod p 1 p 2 . We make two claims.
C1. The polynomial Φ p1p2p3 can be explicitly written as follows.
C2. The expression does not have any overlapping (cancellation or accumulation) of terms and their exponents are ordered in the ascending order when i∈I is carried out as i1 i2 i3 i4 . Example 1. We will illustrate Theorem 1 by using a small example: p 1 = 3, p 2 = 13 and p 3 = 79. It is obvious that p 2 ≡ 1 mod p 1 and p 3 ≡ 1 mod p 1 p 2 .
C1. An explicit expression for Φ 3·13·79 can be obtained from Theorem 1-C1 as follows. Note that q 2 = 4 and q 3 = 2. Hence
where ρ = ((13 − 1) (79 − 1) , 3 · (79 − 1) , 79 − 1, 3 · 13) = (936, 234, 78, 39)
In other words, the polynomial Φ 3·13·79 can be represented under the multi-radices ρ as
where the "digits" f i 's are given by
Each small box under the f i column stands for a term in f i . The terms are ordered in the ascending order in their exponents. Thus the first box stands for x 0 and the last box stands for x p1p2−1 . Recall that Φ 3·13·79 is flat, that is, the coefficients are −1, 0, 1. An empty box stands for 0. Non-empty boxes have signs written on them. The color of a box indicates which sub-polynomial of f i it belongs to, as follows.
for instance, a red box belongs to the sub-polynomial S 1 .
C2. Note that there is no overlapping of terms (no cancellation or accumulation) and the terms are ordered in the ascending order in their exponents, verifying Theorem 1-C2. Remark 1. A few observations.
1. Many f i are the same. For instance, in the above example, we observe that
We put horizontal lines to group the same ones. This pattern holds in general:
It is immediate from the following two facts 2. By examining the ranges of the indices i 1 and i 2 , one sees immediately that there are
As an application of the explicit expressions in Theorems 1 we give an explicit formula for the number of nonzero terms (hamming weight, hw) in the cyclotomic polynomials in the family.
where
Proof. The proof is straightforward from Theorem 1. Thus we give it here. Note
Remark 2. The above formula was derived (with a different and longer proof in [30] )
Example 2. We illustrate Corollary 2 by using two examples (one small and one large). The above corollary (Corollary 2) in turn tells us that the density (number of non-zeros terms / degree) is roughly inversely proportional to p 2 , when p 2 is sufficiently large, as stated in the next corollary.
when p 1 is sufficiently large.
Proof. The proof is immediate from Corollary 2. Thus we give it here. Note
Example 3. For the large example above (the 2nd one in Example 2), we have
Thus the polynomial is extremely sparse.
Proof
We will prove the main result (Theorem 1). Assume, throughout the section, that
Before we plunge into the technical details, we give a bird's eye view of the whole proof. The proof is divided into several subsections. We explain what each subsection does.
1. We partition Φ p1p2p3 into several "blocks"f i . (Lemma 4) 2. We express f i in terms of Φ p1p2 . (Lemma 5) 3. We rewrite the known explicit expression (2) for Φ p1p2 so that their terms are ordered in the ascending order in their exponents. (Lemma 6) 4. We find an explicit expression for f i using the expression for Φ p1p2p3 . (Lemma 9)
5. We show that the expression does not have overlapping terms and that their terms are ordered.
(Lemma 10)
6. Finally we put together all the above results to prove the main result (Theorem 1)
We will employ the divide-conquer-combine strategy. Specifically we will partition Φ p1p2p3 into several parts. Through numerous trial and errors and careful analysis, we found that the following repeated partitioning of Φ p1p2p3 is elegant, enlightening and useful.
1. We partition Φ p1p2p3 under the radix ρ 1 = (p 2 − 1) (p 3 − 1), obtaining
2. We partition f i1 under the radix ρ 2 = p 1 (p 3 − 1), obtaining
3. We partition f i1,i2 under the radix ρ 3 = p 3 − 1, obtaining
Put together we have
We have proven the following lemma (written more compactly).
Lemma 4 (Φ p1p2p3 in terms of f i ). We have, for some f i ,
In the previous subsection, we explicitly expressed Φ p1p2p3 in terms of f i 's. Now in this subsection, we will express f i in terms of Φ p1p2 .
Then we have
by carrying out a formal expansion of 
Therefore we have 
Let us also rename v as i 4 . Then we have
by recalling ρ and I
Note that, for all u in 0 ≤ u ≤ ϕ(p 1 p 2 ) − 1, we have
Thus h u = f i . Hence, we have
3.3 Find an ordered explicit expression for Φ p 1 p 2
In the previous subsection, we expressed f i 's in terms of Φ p1p2 . In this subsection, we find an ordered explicit expression for Φ p1p2 .
Lemma 6 (Ordered explicit expression for Φ p1p2 ).
Proof. We will use the known explicit expression (2) for Φ p1p2 given in the introduction. by combining the sums and reordering
Note the terms are ordered in the ascending order of their exponents.
Find an explicit expression for f i
Combing the results from the previous two subsections, in this subsection, we find an explicit expression for f i .
Proof. Note the followings.
Thus we have
from Lemma 6
Lemma 8. We have
by rearranging
From now on, we will simplify C by identifying and removing cancellable terms in subexpressions, starting from A.
1. We simplify A. Note
We simplify B. Note
by reindexing a + 1 with a, and k − 1 with k
in the beginning of the proof
by telescoping sum Lemma 9. We have
Proof. From Lemma 5 and Ψ p1p2 = (x p2 − 1) Φ p1 we have:
by telescoping sum Now we will carry out case studies. Recall
Hence
Put together we finally have
Non-overlapping and Ordered
In the previous subsection, we found an explicit expression for f i . In this subsection, we show that the explicit expression is non-overlapping and ordered.
Lemma 10 (Non-overlapping and ordered). The explicit expression
does not have overlapping of terms and that their exponents are ordered in the ascending order.
Proof. For this, it is convenient to name the sub-polynomials in f i as follows:
It suffices to show that tdeg(S j+1 ) − deg(S j ) > 0 for j = 1, 2, 3, where tdeg denotes the tail (lowest) degree. We will show it for the two cases: i 3 ≤ i 1 and i 3 > i 1 . 
Hence, the explicit expression f i does not have overlapping of terms and that their exponents are ordered in the ascending order.
Proof of Main result (Theorem 1)
Finally we are ready to prove the main result (Theorem 1). We will prove it by combining several lemmas proved in the previous subsections.
Proof of main result (Theorem1 ). Let p 2 ≡ 1 mod p 1 and p 3 ≡ 1 mod p 1 p 2 . We need to prove two claims C1 and C2. C2. From Lemma 10, the explicit expression for f i does not have overlapping and their exponents are ordered. Examining Lemma 4, one immediately sees that the partition does not introduce overlapping or reordering of terms. Thus we conclude that the above expression in C1 does not have any overlapping of terms and their exponents are ordered in the ascending order when i∈I is carried out as i1 i2 i3
i4 .
